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Abstract 

We classify smooth Fano manifolds X with the Picard number px > 3 
such that there exists an extremal ray which has a birational contraction 
that maps a divisor to a point. 

1 Introduction 

Let X be a (smooth) Fano manifold with dimX > 3. It is very powerful tool 
to classify and evaluate those X that we see extremal rays oi X. In fact, Mori 
and Mukai succeeded in classifying Fano threefolds by viewing extremal rays in 
detail jMM81) . It is very difficult to consider higher dimensional Fano manifolds 
in general. However, if there exists a "special" extremal ray, then we can get 
various information about X. For example, Bonavero, Campana and Wisniewski 
classified in [BCW02| that the Fano manifold X which has a extremal ray which 
induces the blowing up of a smooth variety along a point. 

Recently, Tsukioka and Casagrande (see |Tsu06| [Cas09| ) showed that if there 
exists an extremal ray which has a birational contraction that maps a divisor 
to a point, then the Picard number px of X is at most three. This can be seen 
a kind of generalization of the result of [BCW02| . 

Our main result is to classify those X with maximal Picard number. 

Theorem 1.1 (Main Theorem). Let X be a smooth projective variety of di- 
mension n > 3. Then the following are equivalent: 

(1) X is a Fano manifold such that px > 3 and there exists an extremal ray 
R C NE(X) of type {n - 1, 0), 

(2) X 2± Blw Y such that the following holds: 

(a) n: Y = ¥z{Oz ® Ozis)) Z, inhere Z is an (n — 1)- dimensional 
Fano manifold of pz = 1 with index r such that the ample generator 
o/Pic(Z) is Oz[l)- 

(b) The inequality r > s > holds. 
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(c) D cY is a section of it with Md/y — ^z{s) and W G D is a smooth 
divisor with W € \Oz{d)\. 

(d) The inequality r > d ~ s holds. 

Acknowledgements. The author would hke to express his graditude to Profes- 
sor Shigefumi Mori for warm encouragements. The author is partially supported 
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Notation and terminology. We always work over the complex number field 
C. The theory of extremal contraction, we refer the readers to |KM98| . For 
a smooth projective variety X of dimension n and a iiT jf -negative extremal 
ray R C NE(X), let cont^, : X — > Yr be the associated extremal contraction 
corresponds to R. We also let 

Exc(_R) := Exc(contj^) ~ {x (z X\ cont^ is not isomorphism around x}. 

We say R is of fiber type (resp. divisorial, small) if the associated contraction 
morphism cont/j : X — > F is of fiber type (resp. divisorial, small). We say 
that R (or contij) is of type {m,l) (or of {m,l)-type) if dimExc(i?) — m and 
dim cont_R,(Exc(i?)) — I. We also say that R (or contj^) is of type {n — l,n~ 2)'"° 
(or of {n — l,n — 2Y'^-type) if the morphism cont^ is the blowing up morphism 
of a smooth projective variety along a smooth subvariety of codimension 2. 

For a proper variety X, the Picard number of X is denoted by px- For a 
closed subvariety Y C X, let Ni(y, X) be the image of the morphism Ni(y) — )> 
Ni(X). 

We say X is a Fano manifold if X is a smooth projective variety whose 
anticanonical divisor —Kx is ample. For a Fano manifold X, let its index be 

max{m £ N | ~Kx ^ rnL for some Cartier divisor L}. 

For abbreviation, we let pt stand point. 



2 Preliminaries 

We consider the case that there exists a prime divisor E C X such that 
dimNi{E,X) = 1. 

Lemma 2.1. Let X be an n-dimensional smooth projective variety and E C X 
be a prime divisor with dimNi(i?,X) — 1. We assume that there exists a Kx- 
negative extremal ray R C NE(X) such that E fl Exc(i?) ^ and cont ji(E) is 
not a point. Then we have {E ■ R) > and R is either of type (n — 1, n — 2)**™ 
or the morphism contu is a conic bundle. 

Proof. There exists an irreducible curve C C X with C n £' 7^ and [C] £ R. 
li C C E, then contfl(i?) = pt holds. This leads to a contradiction. Hence 
{E ■ R) > holds since C D E ^ $ and C <^ E. Using same argument, we have 
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C" n ^ and C" ^ £; for any curve C C X with [C] £ R since {E • C") > 
holds. If there exists a closed subvariety 5 C X such that contfl(5) — pt and 
diniS* > 2, then there exists an irreducible curve C C S D E. However, such C 
satisfies that [C] G R and C C E, this leads to a contradiction. Thus all fiber 
of contij are of dimension < 1. Therefore R is of type {n — l,n — 2)™^ or cont/j 
is a conic bundle by Ando's classification result |And85[ IWis91| . □ 

We classify smooth projective varieties having (n — 1, 0)-type or (n, l)-type 
(/Cjf -negative) extremal contraction and having P^-bundlc structure. This clas- 
sification result is essential for the proof of Theorem 11.11 

Proposition 2.2. Let Y be an n-dimensional smooth projective variety. We 
assume that there exists distinct K x -negative extremal rays R, R' C NE(y) with 
the associated contraction morphisms a :— contj^: Y V , n :— contj^' ; Y — >■ 
Z , respectively. We assume that those R and R' satisfy the following properties: 

(1) There exists a prime divisor E <zY such that <t{E) — pt. 

(2) TT is a ¥^ -bundle. 

Then Y ~ Pz{Oz © Oz{s)) ^ Z such that 

(1) Z is an (n — 1)- dimensional Fano manifold of pz — 1 with index r such 
that the ample generator o/Pic(Z) is Oz{^), 

(2) r > s > 0. 

Proof. We can show that R is of type {n — 1,0) or (n, 1) since o-{E) = pt. We 
replace i? by a general smooth fiber of if i? is of type (n, 1). The restriction 
morphism Trj^;: _E — ^ Z is a finite morphism, thus ttIe is surjective. We have 
Pz — ^ since dimNi(£',y) — 1. Hence py — 2 holds. In particular, F is a Fano 
manifold since there exists at least two -negative extremal rays. Therefore 
Z is also a Fano manifold by [KMM921 Corollary 2.9]. Let r be the index of Z 
and Oz{^) be the ample generator of Pic(Z). 

Claim 2.3. E is a section of -k [i.e. the restriction morphism ■k\e'- E ^ Z is 
isomorphism) . 

Proof of Claim [KM If ttI^; is unramified, then tt\e is etale , hence it\e is isomor- 
phism since E and Z are smooth Fano manifolds under the assumption. Thus 
it is enough to show that 7r|_E is unramified. 

We assume that there exists a branch point z G Z of Trj^;. Then we can 
pick general smooth (very free) rational curve z £ B C Z with B (f_ Br(7r|£;), 
where Br(7r|£;) is the branch locus of 'k\e- We note that Z is a rationally 
connected variety since Z is a Fano manifold (see |KMM92] ). Then the mor- 
phism S := Tr~^(B) B is isomorphic to a Hirzebruch surface with the ruling 
Vm = Ppi (Opi © Opi (to)) pi for some m > 0. We note that E D S C S is a 
reduced divisor and a{E Ci S) = pt. Thus the Stein factorization cr' : 5 — s> T of 
the morphism a\s ■ S ^ V satisfies either of the following: 
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1. m = and a' is a projection onto P-*^. 

2. TO > and a' is the contraction morphisni contracting the (— TO)-curve. 

Therefore ET\S d S \s the sum of disjoint union of sections of Trjs in any case. 
However, this contradict to the choice oi z <^ Z since z Cz Z is a branch point of 
Me- □ 

Thus we can write Y = Fz{£) with £ := n^OyiE). We take s e Z such 
that OsiE) ~ Ozi-s). We have s > 0; if i? is of type (n - 1,0) then s > 
since Oe{E) is anti-ample, if R is of type {n, 1) then s = since i? is a general 
smooth fiber of a. 

We consider the exact sequence 

Q^Oy ^ Oy{E) -> Oe{E) 0. 

We obtain 

Q^Oz^E^ Ozi-s) 0. 

We have £ ^ Oz (B Oz{~s) since Ext\C'z(-s), Oz) = 0. Consequently, r > 
s(> 0) holds since Oe{-Ky\e) ^ Oe{~Ke + E\e) ^ Oz{r - s) is ample. □ 

Remark 2.4. The ray R in Proposition 12 . 21 is 

(a) of type (n — 1, 0) if and only if s > 0, 

(b) of type [n, 1) if and only if s = (hence F ~ Z x P^). 

We also remark that the case (jaj) is exactly the case in |Fujl2[ Proposition 2.5]. 

Now, we prove the easy direction of Theorem ll.il 

Lemma 2.5. Let X he an n- dimensional smooth projective variety with n > 3. 
We assume that X — Blw Y and X satisfies the conditions of (j2ap , (j2bp and 
(|2cp in Theorem ] 1. 11 Then X is a Fano manifold if and only if r > d — s. 

Proof. Let eg d Z he a general irreducible curve, to be the intersection number 
(Ozll) ■ eo), £^ C 1^ be the section of tt with N'e/y - Ozi-s) and E C X 
be its strict=total transform (same notation but there are no confusion). Let 
D' C X he the strict transform oi D C Y , e C E and e' C D' he the strict 
transform of the curve eo C Z. Finally, let F C X be the exceptional divisor of 
the blowing up 4>: X Y , f C X he a, nontrivial fiber of (f> and f'cXhe the 
strict transform of a fiber of tt passing through W G Y. Then we can show the 
following: 

Claim 2.6. (1) Ox{-Kx) ^ Ox{2E - F) (tt o (l))*Oz{r + s). 

(2) NE(X) = M>o[e] + M>o[e'] + M>o[/] + M>o[/']. 

(3) For an irreducuble curve C C X , C d E holds if and only if [C] G R>o[e] 
holds. 
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(4) We obtain the following table of intersection numbers: 
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1 



Therefore X is a Fano manifold if and only if r > d — s by Claim 12.61 □ 

Remark 2.7. The cone NE(X) is spanned by four rays if and only if d — s > 0, 
three rays if and only if d — s < by Claim 12.61 



3 Proof of Theorem 11.11 

Let X be an n-dimensional Fano manifold with px > 3 and there exists an 
extremal ray R C NE(X) of type (n — 1,0). We can assume px = 3 by |Tsu06[ 
Proposition 5] and |Cas09[ Proposition 3.1]. Let E := Exc(i?). We note that 
dimNi(i?, X) = 1 holds. We start to prove Theorem 11.11 by seeing the cone 
NE(X) in detail. 

Proposition 3.1. For any extremal ray Rq C NE(X) different from R, the ray 
Ro is of birational type. Furthermore, we have the following properties: 

(1) If EC] Exc(i?o) 7^ 0, then we have 

(a) [E ■ Ro) > 0, 

(b) i?o is of type (n — 1, n — 2)™ {let Fq C X be its exceptional divisor), 

(c) (Fo • i?) > 0. 

(2) IfEnExc{Ro) = 0; then R + RqC NE{X) is an extremal face ofNE{X). 

Proof. Let Rq C NE(X) be an arbitrally extremal ray different from R. 

We assume that E n Exc(i?o) 0. It is obvious that contiig{E) ^ pt. 
Hence ([1]) holds by Lemma [2T] We note that if the morphism contfl„ : X — > Yq 
is a conic bundle, then py^ ~ 1 hence px = 2 since contfl,-, (E) = Yq and 
dimNi(£;,X) = 1. 

We assume that E n Exc(i?o) = 0- It is obvious that Rq is of birational 
type. If i? + i?o does not span an extremal face, then there exists an extremal 
ray R! C NE(X) different from R such that (E ■ R') < since {E ■ R) < and 
{E ■ Rq) = 0. However, applying ([1]) for R', this leads to a contradiction. 

In particular, Rq is of birational type in any case. □ 

The second step of the proof is to consider extremal rays of type (n — 1, n — 
2)**™, in any case the image of the contraction morphism is again a Fano man- 
ifold and has a P^-bundle structure. Furthermore, we can see that there is an 
elementally transform factoring X. 
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Proposition 3.2. For any extremal ray Rq C NE(X) of type [n — 1, n — 2)''™, 
let 00 '■= cont/jo : X — >■ Yq, let Fq C X be the exceptional divisor of 4>o and let 
Wq C Yq he the {smooth) center of the blowing up 4>o. Then Yq is a Fano man- 
ifold which has a -bundle structure tt: Yq Z. Furthermore, there exists an 
elementally transform factoring X . More precisely, there exists a commutative 
diagram 




Y' Fn 



Z 

such that Y' is a smooth projective variety, cf)' is the blowing up [different from 
4>o) along smooth subvariety of codimension 2 whose exceptional divisor id the 
strict transform of the divisor 7r~^(7r(Wo)) and tt' is a -bundle. 

Proof. Let Eq (j)Q{E). We prove Proposition 13 . 21 by dividing these two cases: 

(A) E n Exc(i?o) ^ 0, 

(B) E n Exc(i?o) = 0. 

Claim 3.3. Yq is a Fano manifold. 

Proof of Claim COl We consider the case ([X]). It is enough to show {—Kyg ■ 
C) > for all irreducible curves in Wq since NE(yo) — NE(Fo)- We note that 
dimNi(i5o, ^o) = 1- Thus all curves in Eq are numerically proportional. Hence 
{-Kyo • C) > holds. 

We consider the case ([BJ. We know that R + Bq C NE(X) is an extremal 
face by Proposition 13.11 ([2]). Let i?i C NE(X) be the unique extremal ray 
different from R and Rq such that i?o + i?i C NE(X) spans an extremal face. 
We have (E ■ Ri) > since {E ■ Rq) = and (E ■ R) < 0. Thus i?i is of type 
(n - l,n - 2)™ by Proposition O (P) . Let 01 := contj^, : X ^ Yi, Fi C X 
be the exceptional divisor of (pi and Wi C Yi be the (smooth) center of the 
blowing up 01. We have Fq ^ Fi since E (1 Fq = and £; n Fi ^0. Thus 
there exists a nontrivial fiber Ci C X of 0i such that Ci (^t Fq. We consider 
the surjective map 0o* : NE(X) NE(yo)- Let Ryo, Riyq C NE(ro) be the 
images of R, Ri C NE(X), respectively. Then the cone NE(yo) is spanned by 
Ryo,Riyo- We note that Ryo is a ifx-negative extremal ray of type {n — 1,0) 
since {Eq ■ Ry^) < 0. Since Riyo is spanned by the class [^o*^^!] and 

{-Kyo ■ (t>o*Ci) = {-Kx ■ Ci) + (Fo ■ Ci) > 0, 

both rays are iiTx-negative. Hence Yq is a Fano manifold. □ 

There exists a i^x-negative extremal ray i?*^ C NE(yb) such that {Eq-R^} > 
by Claim [3731 Let tt :— contfl.o : Yq Z. By Lemma [2.11 the morphism tt is 
of type {n — l,n — 2)"^™ or a conic bundle. 
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Claim 3.4. ttIwo '■ Z is a finite morphism. 

Proof of Claim [X^ We consider the case If there exists an irreducible 

curve C C Wq such that 7r(C) = pt, then ^{Eq) = pt holds since Wq C Eq and 
diniNi(£'o, ^o) = 1- This leads to a contradiction. 

We consider the case ([B]). If there exists an irreducible curve C C Wq such 
that 7r(C) = {z}, then dim0,^^7r~^(z) = 2. Hence there exists an irreducible 
curve C C E n ^7r~^(z), however we have [C] £ RH (i?o + Ri)- Hence this 
leads to a contradiction. □ 

Claim 3.5. There exists an irreducible curve f C Yq with [f] G R^ such that 

Proof of Claim \3.5[ We assume the contrary. We can assume that tt is of type 
(n — l,n — 2)™\ Let G C lo be the exceptional divisor of tt. 

We consider the case (|A|. We have G n Wq = by assumption. We note 
that i?o n G 7^ and Eq ^ G. Thus there exists an irreducible curve G C Eq 
such that (G • G) > holds. Since dimNi(£:o, >o) = 1, (G • G) > holds for 
any irreducible curve G d Eq. In particular, this holds for any curve in Wq 
intersects G. This contradict to the property G n Wq — 0. 

We consider the case (jB]). We have 7r(£:o) n 7r(Wo) = since £^0 n Wq = 
and G n Wq = 0. We note that ^{Eq) C Z is a divisor and 7r(Wo) contains a 
curve. This leads to a contradiction since pz ~ 1. □ 

For any irreducible curve / C Iq with [/] e i?° such that / H Wq ^ (we 
note that such / always exists by Claim |375)) . we can pick the strict transform 
/ C X by Claim I3H Then we have 

0<{-Kx-f)^{-Ky„-f)^{FQ-f). 

Since tt is of type (n — 1, n — 2)*^™ or a conic bundle, we have {—Kyq • /) = 1 or 
2. Moreover, by the choice of /, we have (Fq •/)>!. Hence {—Kyq • /) = 2 and 
(Fq •/) = 1 holds. Therefore we can show that tt is a conic bundle and P-^-bundle 
around /, deg(7r|i4/Q) = 1 and A^r fl 7r(Wo) = 0j where be the discriminant 
divisor of the conic bundle tt (see for example |Wis911 §4]). We have A^ = 
since pz = I- Therefore tt is a P-'^-bundle. Thus there exists an elementally 
transform passing through X. More presicely, X has a contraction morphism 
(f)' : X ^ Y', the exceptional divisor is the strict transform of Tr~^TT{Wo), and 
Y' has a P^-bundle structure tt' : F' — > Z such that tt o 0o = tt' o 0'. □ 

Remark 3.6. There exists an extremal ray Rq C NE(X) such that {E- Rq) > 
holds since X is a Fano manifold. Then Rq is of type {n — l,n — 2)™ by Lemma 
12.11 Thus Rq satisfies the assumptions of Proposition 13.21 In particular, there 
exists at least two rays in NE(X) of type (n — 1, n — 2)^™ {Rq and its elementally 
transform). 

Remark 3.7. If there exists an extremal ray Rq C NE(X) such that E n 
Exc(_Ro) = holds, then Yq has two extremal contractions such that: 
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(1) {n — 1, 0)-typc that maps Eq to a point, and 

(2) P-'^-bundle structure 

by the proof of Proposition[321 where let contij,, : X ^ Yq. Hence Yq 2± Fz{Oz(B 
C^z(s)) — > Z such that Z is a Fane manifold of = 1 with index r such that 
the ample generator of Pic(Z) is Cz(l) and r > s > by Proposition l2.2l Since 
Wq n i?o = and deg7r|vi/o = 1 holds, there exists D cYq, the unique section of 
TT, such that Eq n D ~ and Wq C D holds. Since Wq C Z3 is a smooth divisor, 
there exists d G N such that Wq G \Oz{d)\. We note that r > d — s holds by 
Lemma 12.51 

Therefore, to prove Theorem II. 1[ it is eonugh to show that there exists an 
extremal ray Rq C NE(X) of type (n - 1, n - 2)™ with {E ■ Rq) = 0. 

We consider two cases whether there exists another "special" extremal ray 
different from R or not. 

Proposition 3.8. If there exists an extremal ray R' C NE(X) different from R 
such that R' is not of type (n — 1, n — 2)™. Then there exists an extremal ray 
Rq C NE(X) of type (n - 1, n - 2)'^'" with {E ■ Rq) = 0. 

Proof. There exists a closed subvariety E' C X with dimi?' > 2 such that 
contfl/(£") = pt by PropositionEHl We note that £;nExc(i?') = and R+R' C 
NE(X) spans an extremal face by Proposition 13. II We denote 

NE(X) = R + R' + Ri + --- + R^, 

where the set of 2-dimensional extremal faces of NE(X) is {R+R', R' + Ri, Ri + 
R2, • • • , Rm~i + Rm, Rm + R} ■ We have m > 2 by Remark [XEl 

We assume that {E ■ Ri) > for some 1 < i < m. Then Ri is of type 
(n - l,n - 2)™ by Proposition |3T] Let (j), := cont^^ : X Y,, let F, d X 
be the exceptional divisor of 0; and let Wi C Yi be the (smooth) center of the 
blowing up 0^. 

Claim 3.9. (F^ ■ R') ^ holds. 

Proof of Claim\EM If [F, ■ R') ^ 0, then F, D E' 0. Thus there exists an 
irreducible curve C C Fi O E' . We consider the surjective map (pi^ : NE{X) 
NE(r,). Let Ry,, R'y^ C NE(r,) be the images of R, R' C NE(X), respec- 
tively. It is obvious that Ry, n R'y^ = {0} C NE(y,). We have [<^j*(C)] G R'y^ 
since C C E' . We also have [(/'i»(C)] G Rvi since (^i(C) C Wi C (j)i{E) and 
dimNi{(t)i{E),Yi) = 1. However, if (C) = pt then we have [C] G R^^\R' = {0}. 
Thus (t>i{C) ^ pt, this leads to a contradiction. □ 

Claim 3.10. For any 2 < i < m, we have {E ■ Ri) — 0. 

Proof of Claim [XTDl It is enough to show that [E ■ Ri) < for any 2 < i < m 
by Proposition 13. II 

We assume that there exists 2 < i < m such that {E ■ Ri) > 0. Then Ri is of 
type (71 - 1, 71 - 2)''™ by Proposition 13. II Let 0^ := cont^^ : X ^ Yi, let Fi C X 
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be the exceptional divisor of <j>i and let Wi C Yi he the (smooth) center of the 
blowing up . 

{E ■ R') = and {E ■ R,) > holds since {E ■ R) < 0. Thus we have 
• i?i) > 0. Hence i?i is also of type {n-l,n- 2)™ by Proposition 13. II Let 
:= conti^j : X ^ Yi, let Fi C X be the exceptional divisor of (pi and let 

Wi C Yi he the (smooth) center of the blowing up (j)i . 

We note that {Fi • i?) > by Claim [HI Thus {F, ■ Ri) < holds since 

{F, ■ R) > 0, {F, -R') = and {F, ■ R,) < 0. Hence we have Ci C for any 

nontrivial fiber Ci C X oi (pi. Hence Fi — Fi holds. We have (pi{Ci) ^ pt and 

Yi is a Fano manifold by Proposition 13. 2I Thus we have 

< {-Ky, ■ <P,,Ci) - i-Kx ■ Ci) + {F, ■ Ci). 

However, {F, ■ Ci) = -1 holds since Fi = F,, and {~Kx ■ Ci) = 1. Thus 
{—KYi ■ (pi^,Ci) = holds. This leads to a contradiction. □ 

Wc have m = 2 and (i; • i?2) = and (£■ • i?i) > by Claim [SlOl The rays 
Ri and i?2 are of type (n — 1, n — 2)^™ by Remark [3?6l Therefore the ray i?2 is 
exactly the extremal ray what we want. □ 

Proposition 3.11. // all extremal rays different from R are of type (n — 1, n — 
2^^, there exists an extremal ray Ro C NE(X) with {E ■ Rq) — 0. 

Proof. We denote 

NE(X) = i? + i?i + --- + i?™, 

where the set of 2-dimensional extremal faces of NE(X) is {R + Ri,Ri + 
i?2, • • • , Rm-i + Rm, Rm + R} ■ Let := coutij. i X ^ Y^, let F^ C X he 
the exceptional divisor of (pi and let Wi C Yi he the (smooth) center of the 
blowing up (pi for any 1 < i < m. We can assume that {E ■ Ri) > 0. 

Let El := (pi{E) C Yi. Yi is a Fano manifold having P^-bundle structure 
By Proposition 13.21 We consider the surjective map (pi^ : NE(X) -*> NE(Yi). 
Let Ryi, R2Y1 t NE(Yi) be the images of R, R2 C NE(X), respectively. Then 
the cone NE(Yi) is spanned by Ry^ , R2Y1 and cont^^ (£'1) = pt. Thus we have 
Yi ~ fz{Oz ® Oz{s)) Z such that Z is a Fano manifold of = 1 with 
index r such that the ample generator of Pic(Z) is Oz{l) and r > s > and 
El is a section of tt (we note that Wi C i?i) by Proposition 12.21 We consider 
the elementally transform of tt factoring X. More precisely, we consider the 
diagram 




Y' Yi 



with Y' is a smooth projective variety, and tt' is a P^-bundle and (\)' is the 
blowing up (different from </)o) along a smooth subvariety of codimension 2 such 
that the exceptional divisor is the strict transform of 7r~^7r(VFi). 

There exists an extremal ray B! C NE(X) such that (E ■ R') — since 
Exc(0') n E = $. The ray R' is exactly the extremal ray what we want. □ 

As a consequence, we have completed the proof of Theorem ll.il 
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